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Abstract
Assume that ν is a positive integer and δ = 0, 1 or 2. In this paper we introduce the
orthogonal graph Γ2ν+δ over a Galois ring of odd characteristic and prove that it is arc
transitive. Moreover, we compute its parameters as a quasi-strongly regular graph. In
particular, we show that Γ2+δ is a strongly regular graph and Γ2ν+1 is a strictly Deza
graph when ν ≥ 2.
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1 Introduction
Let p be an odd prime number, and s,m be positive integers. We use R to denote the Galois
ring of characteristic ps and cardinality psm. Note that R is a finite field with pm elements if
s = 1, and R is the ring of residue classes of Z modulo its ideal psZ if m = 1. By [13], there
exists a unit ξ of multiplicative order pm − 1 such that every element a of R can be written
uniquely as a = a0 + a1p+ · · ·+ as−1ps−1, where each ai belongs to {0, 1, ξ, . . . , ξp
m
−2}. Note
that a is a unit if and only if a0 6= 0. It follows that the unit group R∗ of R has the size
(pm − 1)pm(s−1).
Suppose ν is a positive integer and δ = 0, 1 or 2. Let R2ν+δ be the set of (2ν + δ)-tuples
(a1, a2, . . . , a2ν+δ) of elements in R such that ai ∈ R∗ for some i. Denote by ei the element of
R2ν+δ whose ith coordinate is 1 and all other coordinates are 0. Define (a1, a2, . . . , a2ν+δ) ∼
(b1, b2, . . . , b2ν+δ) if there exists a λ ∈ R
∗ such that (a1, a2, . . . , a2ν+δ) = λ(b1, b2, . . . , b2ν+δ).
Then ∼ is an equivalence relation on R2ν+δ. Write [a1, a2, . . . , a2ν+δ] for the equivalence class
containing (a1, a2, . . . , a2ν+δ), and let R˜
2ν+δ be the set of all equivalence classes. By [2], any
(2ν + δ)× (2ν + δ) inverse symmetric matrix over R is cogredient to
S2ν+δ,∆ =
(
0 I(ν)
I(ν) 0
∆
)
,
where
∆ =


φ (disappear) if δ = 0,
(1) or (z) if δ = 1,
diag(1,−z) if δ = 2,
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I(ν) is the identity matrix of order ν, and z is a fixed non-square element of R∗. The orthogonal
graph overR, denoted by Γ2ν+δ, is the graph whose vertex set is {[α] ∈ R˜2ν+δ | αS2ν+δ,∆αt = 0 }
and two vertices [α] and [β] are adjacent if αS2ν+δ,∆β
t ∈ R∗. The orthogonal group of degree
2ν + δ over R with respect to S2ν+δ,∆, denoted by O2ν+δ(R), consists of all (2ν + δ)× (2ν + δ)
matrices T over R satisfying TS2ν+δ,∆T
t = S2ν+δ,∆. Note that O2ν+δ(R) is an automorphism
group of Γ2ν+δ, and there is an action of O2ν+δ(R) on Γ
2ν+δ defined by
V (Γ2ν+δ)×O2ν+δ(R) −→ V (Γ2ν+δ)
([x1, x2, . . . , x2ν+δ], T ) 7−→ [(x1, x2, . . . , x2ν+δ)T ],
where V (Γ2ν+δ) is the vertex set of Γ2ν+δ.
The collinearity graph of the classical polar space is a family of well known strongly regular
graphs (cf. [1, 7, 11, 14]). In the symplectic case, the complement of this graph was generalized
to some special local rings in [8, 9, 10]. In this paper we shall study the orthogonal graph over
a Galois ring of odd characteristic with s ≥ 2.
In Section 2 we show that Γ2ν+δ is arc transitive, and list all representatives of suborbits
of O2ν+δ(R) on Γ
2ν+δ. In Section 3 we compute all parameters of Γ2ν+δ as a quasi-strongly
regular graph, and show that Γ2+δ is a strongly regular graph and Γ2ν+1 is a strictly Deza
graph for ν ≥ 2.
2 Suborbits
In this section we prove that Γ2ν+δ is arc transitive, and list all representatives of suborbits of
O2ν+δ(R) on Γ
2ν+δ.
Let Ei be the ν × 1 matrix whose (i, 1)-entry is 1 and all other entries are 0, and Eij be the
ν × 2 matrix whose (i, j)-entry is 1 and all other entries are 0. We write α˜δ = ∅(disappear),
a2ν+1e2ν+1 or a2ν+1e2ν+1 + a2ν+2e2ν+2 according to δ = 0, 1 or 2, respectively. Write
H2ν+δ,∆(P ) =

 I(ν) − 12P∆P t −P0 I(ν) 0
0 ∆P t I(δ)

 , T2ν+δ,∆(P ) =

 I(ν) 0 0− 12P∆P t I(ν) −P
∆P t 0 I(δ)

 ,
K2ν+δ(Q) =

 I(ν) QI(ν)
I(δ)

 , Qt(x1, . . . , xt−1) =


0 −x1 . . . −xt−1
x1
...
xt−1

 ,
where P is a ν × δ matrix and Q is a ν × ν alternate matrix over R. Then H2ν+δ,∆(P ),
T2ν+δ,∆(P ) and K2ν+δ(Q) belong to O2ν+δ(R).
Let S be an m × m inverse symmetric matrix over the finite field Fq. If for any vector
x ∈ Fmq such that xSx
t = 0 we have necessarily x = 0, then S is said to be definite.
Lemma 2.1 For any vertex [a1, a2, . . . , a2ν+δ] of Γ
2ν+δ, there exists an i ∈ {1, 2, . . . , 2ν} such
that ai ∈ R∗.
Proof. If δ = 0, the result is directed. If δ = 1, then 2(a1aν+1 + · · · + aνa2ν) + ∆a22ν+1 = 0
implies the desired result. Now suppose δ = 2. If ai /∈ R∗ for each i ∈ {1, 2, . . . , 2ν}, then
2(a1aν+1 + · · ·+ aνa2ν) + a
2
2ν+1 − za
2
2ν+2 = 0 implies a¯
2
2ν+1 − z¯a¯
2
2ν+2 = 0¯ in the quotient field
R/pR. By [12, Chapter 6], the matrix diag(1¯,−z¯) over R/pR is definite. So a¯2ν+1 = a¯2ν+2 = 0¯,
i.e., a2ν+1, a2ν+2 /∈ R∗, which are impossible. Hence, the desired result follows. ✷
Theorem 2.2 The orthogonal graph Γ2ν+δ is arc transitive.
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Proof. First we prove that Γ2ν+δ is vertex transitive. Let [α] = [a1, a2, . . . , a2ν+δ] be any
vertex of Γ2ν+δ. It suffices to show that there exists an element of O2ν+δ(R) carrying [α] to
[e1]. By Lemma 2.1 there are the following two cases to be considered.
Case 1: ai ∈ R∗ for some i ∈ {1, 2, . . . , ν}. Note that there exists a ν × ν inverse matrix S11
over R such that (a1, . . . , aν)S11 = (1, 0, . . . , 0). Then S1 = diag(S11, (S
−1
11 )
t, I(δ)) ∈ O2ν+δ(R)
carries [α] to [e1+ bν+1eν+1+ · · ·+ b2νe2ν + α˜δ], where (bν+1, . . . , b2ν) = (aν+1, . . . , a2ν)(S
−1
11 )
t.
If δ = 0, then K2ν+δ(Qν(bν+2, . . . , b2ν)) carries [αS1] to [e1]. If δ = 1, then H2ν+1,∆(a2ν+1E1)
carries [αS1K2ν+1(Qν(bν+2, . . . , b2ν))] to [e1]. If δ = 2, then H2ν+2,∆(a2ν+1E11 + a2ν+2E12)
carries [αS1K2ν+2(Qν(bν+2, . . . , b2ν))] to [e1].
Case 2: a1, . . . , aν /∈ R∗, aν+i ∈ R∗ for some i ∈ {1, 2, . . . , ν}. Then
 0 I(ν)I(ν) 0
I(δ)

 ∈ O2ν+δ(R)
carries [α] to [aν+1eν+1 + · · ·+ a2νe2ν + a1e1 + · · ·+ aνeν + α˜δ], reduced to Case 1.
Now we prove that Γ2ν+δ is arc transitive. If [α] is adjacent to [e1], then [α] is of the form
[α] = [a1, . . . , aν , 1, aν+2, . . . , a2ν+δ]. It suffices to show that there exists an element of the
stabilizer G[e1] of [e1] in O2ν+δ(R) carrying [α] to [eν+1]. If δ = 0, then

1
aν+2 1
...
. . .
a2ν 1
a1 −a2 . . . −aν 1 −aν+2 . . . −a2ν
a2 1
...
. . .
aν 1


is a desired element. Similar to the case of δ = 0, the desired result follows for the remaining
cases. ✷
In order to give all representatives of suborbits of O2ν+δ(R) on Γ
2ν+δ, by Theorem 2.2 it
suffices to consider the action of G[e1] on Γ
2ν+δ.
Lemma 2.3 Let [α] = [a1, a2, . . . , a2ν+δ] be a vertex of Γ
2ν+δ, where ai ∈ R∗ for some i ∈
{2, 3, . . . , 2ν}. Then there exists an element of G[e1] carrying [α] to
[e2] if ν = 1,
[eν+1], [e2] or [e2 + p
reν+1] if ν ≥ 2,
where 0 < r < s.
Proof. If aν+1 ∈ R∗, then [e1] is adjacent to [α]. By Theorem 2.2, there exists an element of
G[e1] carrying [α] to [eν+1]. Now assume that aν+1 /∈ R
∗. Then ν ≥ 2. By Lemma 2.1 there
are the following two cases to be considered.
Case 1: ai ∈ R∗ for some i ∈ {2, . . . , ν}. Then there exists a (ν−1)×(ν−1) inverse matrix T11
over R such that (a2, . . . , aν)T11 = (1, 0, . . . , 0). Write (bν+2, . . . , b2ν) = (aν+2, . . . , a2ν)(T
−1
11 )
t
and
T1 = diag(1, T11, 1, (T
−1
11 )
t, I(δ))


1
I(ν−1) Qν−1(bν+3, . . . , b2ν)
1
I(ν−1)
I(δ)

 .
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Then T1 ∈ G[e1] and [αT1] = [a1e1+e2+aν+1eν+1+bν+2eν+2+α˜δ]. Write cν+2 = bν+2+a1aν+1.
Then
T2 =


1
−a1 1
I(ν−2)
1 a1
1
I(ν−2)
I(δ)


∈ G[e1]
carries [αT1] to [e2+aν+1eν+1], [e2+aν+1eν+1+ cν+2eν+2+ α˜1] or [e2+aν+1eν+1+ cν+2eν+2+
α˜2] according to δ = 0, 1 or 2, respectively. When aν+1 6= 0 we may write aν+1 = xpr
for some x ∈ R∗ and 0 < r < s. If δ = 0, then [αT1T2] = [e2] when aν+1 = 0; and
diag(x, I(ν−1), x−1, I(ν−1)) ∈ G[e1] carries [αT1T2] to [e2+ p
reν+1] when aν+1 = xp
r. Note that
H2ν+1,∆(a2ν+1E2) ∈ G[e1] carries [αT1T2] to [e2+aν+1eν+1] when δ = 1, andH2ν+2,∆(a2ν+1E21+
a2ν+2E22) ∈ G[e1] carries [αT1T2] to [e2+ aν+1eν+1] when δ = 2, reduced to the case similar to
δ = 0.
Case 2: a2, . . . , aν /∈ R∗, aν+i ∈ R∗ for some i ∈ {2, . . . , ν}. Then

1
0 I(ν−1)
1
I(ν−1) 0
I(δ)

 ∈ G[e1]
carries [α] to [a1e1 + aν+2e2 + · · ·+ a2νeν + aν+1eν+1 + a2eν+2 + · · ·+ aνe2ν + α˜δ], reduced to
Case 1. ✷
Lemma 2.4 Let [α] = [a1, a2, . . . , a2ν+δ] be a vertex of Γ
2ν+δ distinct to [e1], where ai /∈ R∗
for each i ∈ {2, . . . , 2ν}. If ν = 1, then there exists an element of G[e1] carrying [α] to
[1,− 12∆p
2r, pr] if δ = 1,
[1,− 12p
2r, pr, 0], [1, 12zp
2r, 0, pr] or [1,− 12 (b
2 − z)p2r, bpr, pr] if δ = 2,
where b ∈ R∗ and 0 < r < s. If ν ≥ 2, then there exists an element of G[e1] carrying [α] to
[e1 + p
re2] or [e1 + p
re2 − apr+teν+1 + apteν+2], where 0 < r ≤ t < s and a ∈ {1, z}.
Proof. Note that (ν, δ) 6= (1, 0) and a1 ∈ R∗. We may assume that a1 = 1.
First consider the case of ν = 1. If δ = 1, then [α] = [1,− 12∆x
2p2r, xpr] for some x ∈ R∗
and 0 < r < s. Then diag(x, x−1, 1) ∈ G[e1] carries [α] to [1,−
1
2∆p
2r, pr]. Now assume
δ = 2. Then [α] = [1,− 12x
2p2r, xpr, 0], [1, 12zx
2p2r, 0, xpr] or [1,− 12 (x
2p2r − zy2p2t), xpr, ypt],
where x, y ∈ R∗ and 0 < r, t < s. If [α] = [1,− 12x
2p2r, xpr, 0] or [1, 12zx
2p2r, 0, xpr], then
diag(x, x−1, I(2)) ∈ G[e1] carries [α] to [1,−
1
2p
2r, pr, 0] or [1, 12zp
2r, 0, pr] in respective case. If
[α] = [1,− 12 (x
2p2r−zy2p2t), xpr, ypt], we can assume r = t. In fact, if r 6= t, by [12, Lemma 1.28]
we may choose c, d ∈ R∗ with c2 − d2z = 1. Let
T =
(
c d
dz c
)
.
Then diag(I(2), T ) ∈ G[e1] carries [α] to
[1,− 12 (x
2p2r − y2zp2t), (cx+ dyzpt−r)pr, (dx + cypt−r)pr] if r < t,
[1,− 12 (x
2p2r − y2zp2t), (dyz + cxpr−t)pt, (cy + dxpr−t)pt] if r > t,
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where cx+ dyzpt−r, dx+ cypt−r ∈ R∗ if r < t, and dyz + cxpr−t, cy + dxpr−t ∈ R∗ if r > t, as
desired. When r = t, diag(y, y−1, I(2)) ∈ G[e1] carries [α] to [1,−
1
2 (b
2 − z)p2r, bpr, pr], where
b = xy−1 ∈ R∗.
Now consider the case of ν ≥ 2. We may assume that (a2, . . . , aν , aν+2, . . . , a2ν) 6= (0, . . . , 0).
In fact, if ai = 0 for some i ∈ {2, . . . , 2ν} \ {ν + 1}, then δ = 1 or 2. When δ = 1 we have
that a2ν+1 6= 0 and T2ν+1,∆(E2) ∈ G[e1] carries [α] to [e1+∆a2ν+1e2+ aν+1eν+1+ a2ν+1e2ν+1]
with ∆a2ν+1 6= 0, as desired. When δ = 2 we have a2ν+1 6= 0 or a2ν+2 6= 0. If a2ν+1 6= 0,
then T2ν+2,∆(E21) ∈ G[e1] carries [α] to [e1 + a2ν+1e2 + aν+1eν+1 + a2ν+1e2ν+1 + a2ν+2e2ν+2],
as desired. If a2ν+2 6= 0, then T2ν+2,∆(E22) ∈ G[e1] carries [α] to [e1 − za2ν+2e2 + aν+1eν+1 +
a2ν+1e2ν+1+a2ν+2e2ν+2] with−za2ν+2 6= 0, as desired. Now suppose (a2, . . . , aν , aν+2, . . . , a2ν) 6=
(0, . . . , 0). Without loss of generality we may assume that a2R + · · · + aνR = prR and
aν+2R + · · ·+ a2νR = pr1R with 0 < r ≤ r1 ≤ s. Then there exists a (ν − 1)× (ν − 1) inverse
matrix T11 over R such that (a2, . . . , aν)T11 = (p
r, 0, . . . , 0). Write (aν+2, . . . , a2ν)(T
−1
11 )
t =
(bν+2, . . . , b2ν). Then T1 = diag(1, T11, 1, (T
−1
11 )
t, I(δ)) ∈ G[e1] and
[αT1] = [e1 + p
re2 + aν+1eν+1 + bν+2eν+2 + · · ·+ b2νe2ν + α˜δ].
When (bν+3, . . . , b2ν) 6= (0, . . . , 0) we may assume that bν+3R + · · · + b2νR = pr2R for 0 <
r2 < s. Then r1 ≤ r2 and there exists a (ν − 2) × (ν − 2) inverse matrix T22 over R such
that (bν+3, . . . , b2ν)T22 = (p
r2 , 0, . . . , 0). Write T2 = diag(I
(2), (T−122 )
t, I(2), T22, I
(δ)). Then
T2 ∈ G[e1] and [αT1T2] = [e1 + p
re2 + aν+1eν+1 + bν+2eν+2 + p
r2eν+3 + α˜δ]. Since r2 ≥ r1 we
have r ≤ r2. Then
T3 =


1 0
1 0 −pr2−r
1 pr2−r 0
I(ν−3)
1
1
1
I(ν−3)
I(δ)


∈ G[e1]
and [αT1T2T3] = [e1 + p
re2 + aν+1eν+1 + bν+2eν+2 + α˜δ], where bν+2 = 0 or bν+2 = ax
2
1p
t for
some x1 ∈ R∗, r ≤ t < s and a ∈ {1, z}. Write T0 = T1T2T3.
Case 1: δ = 0. Then [αT0] = [e1+p
re2] if bν+2 = 0; and diag(x1I
(ν), x−11 I
(ν)) ∈ G[e1] carries
[αT0] to [e1 + p
re2 − ap
r+teν+1 + ap
teν+2] if bν+2 = ax
2
1p
t.
Case 2: δ = 1. When a2ν+1 6= 0 we may write a2ν+1 = x2pk, where x2 ∈ R∗ and 0 < k < s.
Case 2.1: a2ν+1 = 0. Similar to Case 1, there exists an element of G[e1] carrying [αT0] to
[e1 + p
re2] or [e1 + p
re2 − apr+teν+1 + apteν+2].
Case 2.2: a2ν+1 = x2p
k and r ≤ k. Then H2ν+1,∆(x2pk−rE2) ∈ G[e1] carries [αT0] to
[e1 + p
re2 + aν+1eν+1 + (bν+2 +
1
2∆x
2
2p
2k−r)eν+2], reduced to Case 2.1.
Case 2.3: a2ν+1 = x2p
k and r > k. Let c1 = ∆x2 + p
r−k, c2 = ∆x2 + p
r−k − 12∆ax
2
1p
t−k
and c3 = x2 − ax21p
t−k. Then c1, c2, c3 ∈ R∗ and T2ν+1,∆(E2) ∈ G[e1] carries [αT0] to
[e1 + c1p
ke2 + aν+1eν+1 + x2p
ke2ν+1] if bν+2 = 0,
[e1 + c2p
ke2 + aν+1eν+1 + bν+2eν+2 + c3p
ke2ν+1] if bν+2 = ax
2
1p
t.
If bν+2 = 0, then diag(1, c
−1
1 , I
(ν−1), c1, I
(ν−1)) ∈ G[e1] carries [αT0T2ν+1,∆(E2)] to [e1+ p
ke2+
aν+1eν+1+x2p
ke2ν+1], reduced to Case 2.2. If bν+2 = ax
2
1p
t, then diag(1, c−12 , I
(ν−1), c2, I
(ν−1)) ∈
G[e1] carries [αT0T2ν+1,∆(E2)] to [e1 + p
ke2 + aν+1eν+1 + bν+2c2eν+2 + c3p
ke2ν+1], reduced to
Case 2.2.
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Case 3: δ = 2. When a2ν+i 6= 0 we write a2ν+i = yipki , where yi ∈ R∗, 0 < ki < s and
i = 1, 2.
Case 3.1: a2ν+1 = a2ν+2 = 0. Similar to Case 1, there exists an element of G[e1] carrying
[αT0] to [e1 + p
re2] or [e1 + p
re2 − apr+teν+1 + apteν+2].
Case 3.2: a2ν+1 6= 0 and a2ν+2 = 0. We may assume r ≤ k1. In fact, if r > k1, then d1 =
y1+p
r−k1, d2 = y1+p
r−k1− 12ax
2
1p
t−k1 , d3 = y1−ax21p
t−k1 are units, and T2ν+2,∆(E21) ∈ G[e1]
carries [αT0] to
[e1 + d1p
k1e2 + aν+1eν+1 + y1p
k1e2ν+1] if bν+2 = 0,
[e1 + d2p
k1e2 + aν+1eν+1 + bν+2eν+2 + d3p
k1e2ν+1] if bν+2 = ax
2
1p
t.
If bν+2 = 0, then diag(1, d
−1
1 , I
(ν−1), d1, I
(ν)) ∈ G[e1] carries [αT0T2ν+2,∆(E21)] to [e1 + p
k1e2 +
aν+1eν+1 + y1p
k1e2ν+1], as desired. If bν+2 = ax
2
1p
t, then diag(1, d−12 , I
(ν−1), d2, I
(ν)) ∈ G[e1]
carries [αT0T2ν+2,∆(E21)] to
[e1 + p
k1e2 + aν+1eν+1 + bν+2d2eν+2 + d3p
k1e2ν+1],
as desired. Now assume r ≤ k1. Then H2ν+2,∆(y1pk1−rE21) ∈ G[e1] carries [αT0] to [e1+p
re2+
aν+1eν+1 + (bν+2 +
1
2y
2
1p
2k1−r)eν+2], reduced to Case 3.1.
Case 3.3: a2ν+1 = 0 and a2ν+2 6= 0. Similar to Case 3.2, there exists an element of G[e1]
carrying [αT0] to [e1 + p
re2] or [e1 + p
re2 − apr+teν+1 + apteν+2].
Case 3.4: a2ν+1 6= 0 and a2ν+2 6= 0.
Case 3.4.1: min{r, k1, k2} = r. Then H2ν+2,∆(y1pk1−rE21) ∈ G[e1] carries [αT0] to [e1 +
pre2 + aν+1eν+1 + (bν+2 +
1
2y
2
1p
2k1−r)eν+2 + a2ν+2e2ν+2], reduced to Case 3.3.
Case 3.4.2: min{r, k1, k2} = k1 < r. Then d1 = y1 + pr−k1 , d2 = y1 + pr−k1 −
1
2ax
2
1p
t−k1 ,
d3 = y1 − ax21p
t−k1 are units, and T2ν+2,∆(E21) ∈ G[e1] carries [αT0] to
[e1 + d1p
k1e2 + aν+1eν+1 + y1p
k1e2ν+1 + y2p
k2e2ν+2] if bν+2 = 0,
[e1 + d2p
k1e2 + aν+1eν+1 + bν+2eν+2 + d3p
k1e2ν+1 + y2p
k2e2ν+2] if bν+2 = ax
2
1p
t.
If bν+2 = 0, then diag(1, d
−1
1 , I
(ν−1), d1, I
(ν)) ∈ G[e1] carries [αT0T2ν+2,∆(E21)] to [e1 + p
k1e2 +
aν+1eν+1 + y1p
k1e2ν+1 + y2p
k2e2ν+2], reduced to Case 3.4.1. If bν+2 = ax
2
1p
t, then diag(1, d−12 ,
I(ν−1), d2, I
(ν)) ∈ G[e1] carries [αT0T2ν+2,∆(E21)] to [e1 + p
k1e2 + aν+1eν+1 + bν+2d2eν+2 +
d3p
k1e2ν+1 + y2p
k2e2ν+2], reduced to Case 3.4.1.
Case 3.4.3: min{r, k1, k2} = k2 < r. Similar to Case 3.4.2, there exists an element of G[e1]
carrying [αT0] to [e1 + p
re2] or [e1 + p
re2 − ap
r+teν+1 + ap
teν+2]. ✷
Note that {[e1]} is the trivial orbit of G[e1] on Γ
2ν+δ. Combining Lemmas 2.3 and 2.4, we
obtain the following result.
Theorem 2.5 The nontrivial orbits of G[e1] on Γ
2+δ have the following representatives:
[e2] if δ = 0,
[e2], [1,−
1
2∆p
2r, pr] if δ = 1,
[e2], [1,−
1
2p
2r, pr, 0], [1, 12zp
2r, 0, pr], [1,− 12 (b
2 − z)p2r, bpr, pr] if δ = 2,
(1)
where b ∈ R∗, 0 < r < s and z is a fixed non-square element of R∗. When ν ≥ 2, the nontrivial
orbits of G[e1] on Γ
2ν+δ have the following representatives:
[eν+1], [e2], [e2 + p
reν+1], [e1 + p
re2], [e1 + p
re2 − ap
r+teν+1 + ap
teν+2] (2)
where 1 ≤ r ≤ t ≤ s− 1 and a ∈ {1, z}. ✷
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It should be noted that two distinct representatives listed in Theorem 2.5 may fall into the
same orbit of G[e1]. For example, when (ν, δ) = (1, 2) and −1 /∈ R
∗2, pick x ∈ R∗ such that
zx2 = −1. Then 

x
x−1
0 x
xz 0

 ∈ G[e1]
carries [1,− 12p
2r, pr, 0] to [1, 12zp
2r, 0, pr].
3 Quasi-strongly regular graphs
A strongly regular graph with parameters (n, k, λ, µ) is an undirected regular graph with valency
k on n vertices such that each pair of adjacent vertices has λ common neighbors, and each pair
of nonadjacent vertices has µ common neighbors. As a generalization of strongly regular graphs,
quasi-strongly regular graphs were discussed by [5] and [6]. Let c1, c2, . . . , cd be distinct non-
negative integers. A connected graph of valency k on n vertices is quasi-strongly regular of grade
d with parameters (n, k, λ; c1, c2, . . . , cd) if any two adjacent vertices have λ common neighbors,
and any two non-adjacent vertices have ci common neighbors for some i. A quasi-strongly
regular graph with grade 1 is strongly regular. As pointed in [5], quasi-strongly regular graphs
with grade 2 are important. Since Γ2ν+δ is an arc transitive graph, it is quasi-strongly regular.
In this section we shall show that Γ2ν+δ has grade at most two, and compute all its parameters.
Proposition 3.1 The numbers of (x, y) ∈ R × R with x2 − zy2 /∈ R∗ is p2m(s−1), where z is
a fixed non-square element of R∗.
Proof. Let Ω = {(x, y) ∈ R × R | x2 − zy2 /∈ R∗}. For r ∈ R, write r¯ = r + pR. Assume
that (x, y) ∈ Ω. Then x¯2 − z¯y¯2 = 0¯ in the quotient field R/pR. By [12, Chapter 6], the
matrix diag(1¯,−z¯) over R/pR is definite. So x¯ = y¯ = 0¯, i.e., x, y ∈ pR. It follows that
Ω = {(x, y) | x, y ∈ pR} and |Ω| = p2m(s−1). ✷
For convenience we write x˜δ = ∅(disappear), −
1
2∆x
2
2ν+1 or −
1
2 (x
2
2ν+1 − zx
2
2ν+2) according
to δ = 0, 1 or 2, respectively.
Lemma 3.2 Γ2ν+δ is a regular graph of valency pms(2ν−2+δ) on
(pmν − 1)(pm(ν+δ−1) + 1)pm(s−1)(2ν−2+δ)
pm − 1
many vertices.
Proof. Each vertex adjacent to [e1] is of the form [x1, . . . , xν , 1, xν+2, . . . , x2ν+δ], where x1 =
−x2xν+2 − · · · − xνx2ν + x˜δ. By Theorem 2.2, the valency of Γ2ν+δ is pms(2ν−2+δ).
Now we compute the number of vertices of Γ2ν+δ. Note that there exists a unit among
x1, x2, . . . , x2ν for any vertex [x1, x2, . . . , x2ν+δ] of Γ
2ν+δ. For 1 ≤ i ≤ 2ν, let
Ωi = {[x1, . . . , xi−1, 1, xi+1, . . . , x2ν+δ] ∈ V (Γ
2ν+δ) | x1, . . . , xi−1 /∈ R
∗}.
Then {Ω1,Ω2, . . . ,Ω2ν} is a partition of R˜
2ν+δ. Any element [x1, . . . , xi−1, 1, xi+1, . . . , x2ν+δ]
of Ωi satisfies
xν+i = −x1xν+1 − · · · − xi−1xν+i−1 − xi+1xν+i+1 − · · · − xνx2ν + x˜δ,
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where 1 ≤ i ≤ ν and x1, . . . , xi−1 /∈ R∗. Since there are pm(s−1)(i−1) choices for (x1, . . . , xi−1);
and for a given (x1, . . . , xi−1), there are p
ms(2ν+δ−i−1) choices for
(xi+1, . . . , xν+i−1, xν+i+1, . . . , x2ν+δ),
we have |Ωi| = pm(s(2ν−2+δ)+1−i). Any element [x1, . . . , xν+i−1, 1, xν+i+1, . . . , x2ν+δ] of Ων+i
satisfies
xi = −x1xν+1 − · · · − xi−1xν+i−1 − xi+1xν+i+1 − · · · − xνx2ν + x˜δ,
where 1 ≤ i ≤ ν and x1, . . . , xν+i−1 /∈ R∗. Note that x2ν+1 /∈ R∗ if δ = 1, and x2ν+1, x2ν+2 /∈ R∗
if δ = 2. There are pms(ν−i) choices for (xν+i+1, . . . , x2ν) and there are p
m(s−1)(ν+i−2+δ) choices
for (x1, . . . , xi−1, xi+1, . . . , xν+i−1, x˜), where x˜ = ∅, x2ν+1 or (x2ν+1, x2ν+2) according to δ = 0, 1
or 2, respectively. We have |Ων+i| = pm(sν+(s−1)(ν−2+δ)−i). Therefore, the desired result follows.
✷
Theorem 3.3 Γ2+δ is strongly regular with parameters (n, k, λ, µ), where n, k are given by
Lemma 3.2, λ = (pmδ − 1)pmδ(s−1) and µ = ⌈δ/2⌉pmsδ.
Proof. Let [α] and [β] be any two adjacent vertices of Γ2+δ. By Theorems 2.2 and 2.5 we may
assume that [α] = [e1] and [β] = [e2]. If δ = 0, then [α] and [β] have no common neighbors. If
δ = 1, then any common neighbor of [α] and [β] is of the form [1,− 12∆x
2, x], where x ∈ R∗.
So λ = (pm − 1)pm(s−1). If δ = 2, then any common neighbor of [α] and [β] is of the form
[1,− 12 (x
2 − zy2), x, y], where x2 − zy2 ∈ R∗. By Proposition 3.1, λ = (p2m − 1)p2m(s−1).
Let [α] and [γ] be any two non-adjacent vertices of Γ2+δ. Note that [α] and [γ] have no
common neighbors when δ = 0. When δ ≥ 1, by Theorems 2.2 and 2.5, we may choose
[α] = [e1] and [γ] to be one of the vertices listed in (1) except [e2]. If δ = 1, then any
common neighbor of [α] and [γ] is of the form [− 12∆x
2
3, 1, x3]. So µ = p
ms. Assume that
δ = 2. If [γ] = [1,− 12p
2r, pr, 0], then any common neighbor of [α] and [γ] is of the form
[− 12 (x
2
3 − zx
2
4), 1, x3, x4]. So [α] and [γ] have p
2ms common neighbors. Similarly, if [γ] =
[1, 12zp
2r, 0, pr] or [1,− 12 (b
2 − z)p2r, bpr, pr], then [α] and [γ] have p2ms common neighbors. ✷
Theorem 3.4 If ν ≥ 2, then Γ2ν+δ is quasi-strongly regular with parameters (n, k, λ; c1, c2),
where n, k are given by Lemma 3.2, λ = (pm − 1)(1 + (δ − 1)pm(1−ν−
δ
2
))pm(2sν−2s−1+sδ), c1 =
(pm − 1)pm(s(2ν−2+δ)−1) and c2 = pms(2ν−2+δ).
Proof. First we compute λ. Let [α] and [β] be any two adjacent vertices of Γ2ν+δ. By
Theorems 2.2 and 2.5 we may assume that [α] = [e1] and [β] = [eν+1]. Then any common
neighbor of [α] and [β] is of the form [1, x2, . . . , x2ν+δ], where xν+1 ∈ R∗ and xν+1 = −x2xν+2−
· · · − xνx2ν + x˜δ. Note that there exists a unit among x2, . . . , xν , x˜δ. Let
Ωi =
{
{[1, x2, . . . , x2ν+δ] ∈ V (Γ2ν+δ) | xi ∈ R∗, x2, . . . , xi−1 /∈ R∗} 2 ≤ i ≤ ν,
{[1, x2, . . . , x2ν+δ] ∈ V (Γ2ν+δ) | x˜δ ∈ R∗, x2, . . . , xν /∈ R∗} i = 2ν + δ.
For 2 ≤ i ≤ ν, any element [1, x2, . . . , x2ν+δ] of Ωi satisfies
xν+i = −x
−1
i (xν+1 + x2xν+2 + · · ·+ xi−1xν+i−1 + xi+1xν+i+1 + · · ·+ xνx2ν − x˜δ).
Since there are (pm − 1)2p2m(s−1) choices for (xi, xν+1), there are p
m(s−1)(i−2) choices for
(x2, . . . , xi−1), and for a given (x2, . . . , xi−1) there are p
ms(2ν−2+δ−i) choices for
(xi+1, . . . , xν , xν+2, . . . , xν+i−1, xν+i+1, . . . , x2ν+δ),
the size of Ωi is (p
m − 1)2pm(s(2ν−2+δ)−i). Any element [1, x2, . . . , x2ν+δ] of Ω2ν+δ satis-
fies xν+1 = −x2xν+2 − · · · − xνx2ν + x˜δ. Since there are (pδm − 1)pδm(s−1) choices for
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(x2ν+1, . . . , x2ν+δ) by Proposition 3.1, there are p
m(s−1)(ν−1) choices for (x2, . . . , xν), and there
are pms(ν−1) choices for (xν+2, . . . , x2ν), the size of Ω2ν+δ is (p
δm − 1)pm((s−1)(ν+δ−1)+s(ν−1)).
Note that λ = |Ω2|+ · · ·+ |Ων |+ ϑ, where ϑ = 0, |Ω2ν+1| or |Ω2ν+2| according to δ = 0, 1 or 2,
respectively. The desired λ follows.
Next we compute c1 and c2. Let [α] and [γ] be any two non-adjacent vertices of Γ
2ν+δ.
By Theorems 2.2 and 2.5, we may choose [α] = [e1] and [γ] to be one of the vertices listed
in (2) except [eν+1]. If [γ] = [e2], then any common neighbor of [α] and [γ] is of the form
[x1, . . . , xν , 1, xν+2, . . . , x2ν+δ], where xν+2 ∈ R
∗ and x2 = −x
−1
ν+2(x1+x3xν+3+· · ·+xνx2ν−x˜δ).
So the number of such vertices is (pm − 1)pm(s(2ν−2+δ)−1). Similarly, if [γ] = [e2 + preν+1],
then [α] and [γ] have (pm − 1)pm(s(2ν−2+δ)−1) common neighbors. If [γ] = [e1 + pre2], then
any common neighbor of [α] and [γ] is of the form [x1, . . . , xν , 1, xν+2, . . . , x2ν+δ], where 1 +
xν+2p
r ∈ R∗ and x1 + x2xν+2 + x3xν+3 + · · · + xνx2ν − x˜δ = 0. So any common neighbor
[x1, . . . , xν , 1, xν+2, . . . , x2ν+δ] of [α] and [γ] satisfies x1 = −(x2xν+2+x3xν+3+· · ·+xνx2ν−x˜δ).
It follows that the number of such vertices is pms(2ν−2+δ). Similarly, if [γ] = [e1 + p
re2 −
apr+teν+1 + ap
teν+2], then [α] and [γ] have p
ms(2ν−2+δ) common neighbors. ✷
Theorem 3.3 and 3.4 show that the diameter of Γ2ν+δ is 2 unless (ν, δ) = (1, 0). In the case
of (ν, δ) = (1, 0), it is a clique with two vertices.
As another generalization of strongly regular graphs, Erickson et al. [4] introduced Deza
graphs, which were firstly introduced in a slightly more restricted form by Deza and Deza [3].
A regular graph with valency k on n vertices is said to be a (n, k, b, c)-Deza graph if any two
distinct vertices x and y have b or c common adjacent vertices. A Deza graph with diameter
two is said to be a strictly Deza graph if it is not strongly regular. For ν ≥ 2, Theorem 3.4
shows that Γ2ν+1 is a strictly Deza graph with parameters
((p2mν − 1)pm(s−1)(2ν−1)/(pm − 1), pms(2ν−1), (pm − 1)pm(2sν−s−1), pms(2ν−1)).
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